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Abstract 

The upper semicontinuity of random attractors for non-compact random dynamical systems 
is proved when the union of all perturbed random attractors is precompact with probability 
one. This result is applied to the stochastic Reaction-Diffusion with white noise defined on the 
entire space M". 
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1 Introduction 

In this paper, we study the limiting behavior of random attractors of non-compact random dynam- 
ical systems as stochastic perturbations approach zero. In particular, we will establish the upper 
semicontinuity of random attractors for the stochastically perturbed Reaction-Diffusion equation 
defined on the entire space M": 

du + (An - Au)dt = (/(x, u) + g{x))dt + ehdW, (1.1) 

where e is a small positive parameter, A is a fixed positive constant, g and h are given functions 
defined on M", / is a smooth nonlinear function satisfying some conditions, and is a two-sided 
real-valued Wiener process on a complete probability space. 
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By a random attractor we mean a compact and invariant random set which attracts all solutions 
when initial times approach minus infinity. The concept of random attractor was introduced in 
\12\ [T3] as extension to stochastic systems of the concept of global attractor for deterministic 
equations found in |2l [HI [211 [211 [25], for instance. In the case of bounded domains, random 
attractors for stochastic PDEs have been studied by many authors, see, e.g., [6l [71 [HI [9l [TOl [TTl [T2l [T3l 
[T71[l8l[19l[20l[22l[23l[271[28] and the references therein. In these papers, the asymptotic compactness 
of random dynamical systems follows directly from the compactness of Sobolev embeddings in 
bounded domains. This is the key to prove the existence of random attractors for PDEs defined 
in bounded domains. Since Sobolev embeddings are not compact on unbounded domains, the 
random dynamical systems associated with PDEs in this case are non-compact, and the asymptotic 
compactness of solutions cannot be obtained simply from these embeddings. This is a reason why 
there are only a few results on existence of random attractors for PDEs defined on unbounded 
domains. Nevertheless, the existence of such attractors for some stochastic PDEs on unbounded 
domains has been proved in [H [26] recently. The asymptotic compactness and existence of absorbing 
sets for the stochastic Navier-Stokes equations on unbounded domains were established in [5]. 

In this paper, we will examine the limiting behavior of random attractors for the stochastically 
perturbed Reaction-Diffusion equation (jl.ip defined on R" when e ^ 0, and prove the upper semi- 
continuity of these perturbed random attractors. In the deterministic case, the upper semicontinuity 
of global attractors were investigated in 115 1 ^^61 125j and many others. For stochastic PDEs de- 
fined in bounded domains, this problem has been studied by the authors of [H UHl [El [20l [22]. To 
the best of our knowledge, there is no result reported in the literature on the upper semicontinuity 
of random attractors for stochastic PDEs defined on unbounded domains. The purpose of this 
paper is to prove such a result for equation (jl.lh on M". Of course, the main difficulty here is 
the non-compactness of Sobolev embeddings on M". In this paper, we will overcome the obstacles 
caused by the non-compactness of embeddings by using uniform estimates for far-field values of 
functions inside the perturbed random attractors. Actually, by a cut-off technique, we will show 
that the values of all functions in all perturbed random attractors are uniformly convergent to zero 
(in a sense) when spatial variables approach infinity (see the proof of Lemma [6.1 1 for more details). 

The outline of this paper is as follows. We recall the basic random attractors theory in the 
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next section, and prove a result on the upper semicontinuity of random attractors in Section 3. 
This result works for non-compact random dynamical systems corresponding to stochastic PDEs 
defined on unbounded domains. In Section 4, we define a continuous random dynamical system for 
equation (jl.ip in L^(M"). The uniform estimates of solutions for the equation are given in Section 
5. Finally, we prove the upper semicontinuity of random attractors for (jl.ip in the last section. 

We denote by || • || and (•, •) the norm and the inner product in L^(M") and use || • ||p to denote 
the norm in L'^iM"'). Otherwise, the norm of a general Banach space X is written as || • The 
letters c and Cj (z = 1, 2, . . .) are generic positive constants which may change their values from line 
to line or even in the same line. 

2 Random attractors 

We recall some basic concepts related to random attractors for stochastic dynamical systems. The 
reader is referred to [H [3l [TTl [13] for more details. 

Let {X, II • \\x) be a Banach space with Borel u-algebra B{X), and let P) be a probability 

space. 

Definition 2.1. {^1, J^, P, {9t)t£R) is called a metric dynamical system if : M x ^ is 
(B(M) X .F, .F)-measurable, 6*0 is the identity on Q, Og+t = 0^ for all s,t G M and 6tP = P for 
aU t G M. 

Definition 2.2. A continuous random dynamical system (RDS) on X over a metric dynamical 
system {il.,J^,P, {9t)tm) is a mapping 

(f) : X n X X ^ X, {t,ui,x) ^ (f){t,ui,x), 

which is x JT x S(X))-measurable and satisfies, for P-a.e. ui e ft, 

(i) <^(0,a;, •) is the identity on X; 

(ii) (j){t + s, uj, ■) = (j){t, 6sU), •) o (j)(s, uj, •) for all t,s £ M^; 

(iii) (f){t,uj, ■) : X ^ X is continuous for all t E M"^. 

Hereafter, we always assume that is a continuous RDS on X over {0,,J^, P, (0t)teR)- 
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Definition 2.3. A random bounded set {B{uj)}i^,=Q of X is called tempered with respect to {9t)t£R 
if for P-a.e. oj G il., 

lim e-f^^WB {6 -ti^)\\x = for all /3 > 0, 

where ||-B||x = sup ||x||x- 

Definition 2.4. Let D be a collection of random subsets of X. Then D is called inclusion-closed 
if D = {D{uj)}^^n gV and D = {D{uj)}^^n with D{uj) C D{uj) for all a; G imply that D eV. 

Definition 2.5. Let P be a collection of random subsets of X and {K(uj)}i_j,z^ S P. Then 
{K(uj)}^,zfi is called a random absorbing set for in D if for every B G D and P-a.e. w € il, there 
exists T{B,uj) > such that 

(j){t,e-tLO,B{e^tio)) C K{lj) for ah t > T{B,uj). 

Definition 2.6. Let D be a collection of random subsets of X. Then (j) is said to be P-pullback 
asymptotically compact in X if for P-a.e. a; G ri, {(f){tn-,0^tn^-,Xn)}^=i has a convergent subse- 
quence in X whenever tn oo, and Xn S B{6-tn^) with {B{lj)}^(z^ £ V. 

Definition 2.7. Let D be a collection of random subsets of X. Then a random set {A{uj)} ^^i^q, 
of X is called a D-random attractor (or D-pullback attractor) for </> if the following conditions are 
satisfied, for P-a.e. a; G ri, 

(i) A{oj) is compact, and uj i— > d{x,A{uj)) is measurable for every x G X; 

(ii) {^(<^)}a;eo is invariant, that is, 

4){t,uo,A{ijj)) = A{6tLo), yt>0; 

(iii) {A{Lo)}u,en attracts every set in V, that is, for every B = {B{lj)}^^q G V, 

lim dist{4>{t,e^t^^,B{e^t^^)),A{uj)) = 0, 

t— >oo 

where dist{-, •) is the Hausdorff semi-metric given by dist{Y, Z) = sup inf \\y — z\\x for any Y <^ X 
and Z ex. 

The following existence result for a random attractor for a continuous RDS can be found in 

[311 13]. 
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Proposition 2.8. Let D he an inclusion-closed collection of random subsets of X and (f> a con- 
tinuous RDS on X over {0,,J^,P, {9t)teR)- Suppose that {K{uj)}i^^k is a closed random absorbing 
set for (j) in T> and (p is D-pullback asymptotically compact in X . Then (j) has a unique T) -random 
attractor {A{iLi)}u}en which is given by 



r>0 t>T 

3 Upper semicontinuity of random attractors 

In this section, we establish the upper semicontinuity of random attractors when small random 
perturbations approach zero. Let {X, || • ||x) be a Banach space and $ be an autonomous dynamical 
system defined on X. Given e > 0, suppose $e is a random dynamical system over a metric system 
{Q,,T,P, {6t)t£R)- We further suppose that for P-a.e. uj G ^l, t > 0, en ^ 0, and Xn, x G X with 
Xn ^ X, the following holds: 

lim <^,^{t,LO,Xn) = ^{t)x. (3.1) 

n— >oo 

Let D he a collection of subsets of X. Given e > 0, suppose that has a random attractor 
Ae = {Ae{Lo)}uj£n G V and a random absorbing set = {Ee{uj)}uj£n £ 'D such that for some 
deterministic positive constant c and for P-a.e. lo £ Q, 

limsup||S,(a;)||x < c, (3.2) 

where [[^^^(tij)!!^ = sup We also assume that there exists eo > such that for P-a.e. 

\^ Aeito) is precompact in X. (3.3) 

0<e<eo 

Let ^0 be the global attractor of <I> in X, which means that is compact and invariant and 
attracts every bounded subset of X uniformly. Then the relationships between Ae and Aq are 
given by the following theorem. 

Theorem 3.1. Suppose i^J^)-i^M hold. Then for P-a.e. u; e n, 

dist{Aeiuj),Ao) ^ 0, as e ^ 0. (3.4) 
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Proof. We argue by contradiction. If (|3.4p is not true, then there 5 > and a sequence {xn}'^=i 
with Xn G Ae„ (uj) and — > such that 

dist{xn, Ao) > S. (3-5) 

It follows from (j3.3p that there are yo £ X and a subsequence of {xn}^=i (still denoted by 
such that 

lim Xn = yo- (3.6) 

n^oo 

Next we prove yo £ -^o- To this end, we take a sequence {tm}m=i with tm — > oo. By the invariance 
of Ae„ we find that there exists a sequence {xi^n}^=i with G .Ae„(6'_tji^) such that 

Xn = ^er^{tl,0-t^^^,Xl^n), V n > 1. (3.7) 

By (13. 3p again, there exist yi £ X and a subsequence of {xi^n}^=i (still denoted by {xi^n}^=i) such 
that 

lim xi,n = yi- (3.8) 

n— »oo 

By ([31^ and ([S^H]) we find that 

lim $,„(ti, 6'_t,w, xi,„) = Hh)yi. (3.9) 

n— >oo 

It follows from ([MD-dSZD and ([SJD that 

yo = ^(ti)yi- (3.10) 

Since xi^n S A„(6'-tit^) and A„(^'-ti^) ^ -E'£„(^'-ti^), by (f3r2]) we get 

limsup ||xi,„||x < limsup \\E^^{9^tii^)\\x < c. (3-11) 

n— ►oo n— >oo 

By ([3SD and (f3lT]) we find that 

llyilU < c. 

Similarly, for each m > 2, repeating the above procedure, we can find that there is ym € X such 
that 

yo = $(tm)ym, V m > 2, (3.12) 
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and 



VmWx < c, V m > 2. 



(3.13) 



Since t. 



oo, (j3.12p and (j3.13p imply that uq ^ Aq. Therefore, by (j3.6p we have 



dist{xn-,A) < dist{xn,yo) — > 0, 



a contradiction with (|3.5p . This completes the proof. 



□ 



We remark that the upper semicontinuity of random attractors for stochastic PDEs as pertur- 
bations of autonomous, non- autonomous and random systems was first proved by the authors in 
[9], [To] and [22], respectively. The conditions (j3.ip - (|3.3p of this paper are close but different from 
that given in [9| 110^ [22]. For instance, the following condition is essentially assumed in [9l IIOI [22] 
(see Theorem 2 on page 1562 in [9J, Theorem 3.1 on page 496 in [lOj, and Theorem 2 on page 655 
in [22]): there exists a compact set K such that, P-a.s. 



For parabolic PDEs defined in bounded domains, the solution operators are compact, which follows 
from the regularity of solutions and the compactness of Sobolev embeddings. In that case, the 
existence of the compact set K satisfying condition (j3.14p can be obtained by the existence of 
bounded absorbing sets in a space with higher regularity (see |9l [TOl [22]). However, this method 
does not work for PDEs defined on unbounded domains because Sobolev embeddings are no longer 
compact in this case. Therefore, in the case of unbounded domains, it is difficult to find a compact 
set K which satisfies (I3.14p . In this paper, we require condition ()3.3p rather than ()3.14p . As proved 
in Section 6 of this paper, the condition (13. 3p is indeed fulfilled for the parabolic equation (11. ip 
defined on the unbounded domain M", and hence the upper semicontinuity of the random attractors 
follows from Theorem 13.11 immediately. 

4 Stochastic Reaction-Diffusion equations on M" 

In this paper, we will investigate the upper semicontinuity of random attractors of the stochas- 
tic Reaction-Diffusion equation defined on M". Given a small positive parameter e, consider the 



lim dist{Ae{uj),K) = 0. 



(3.14) 
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following stochastically perturbed equation: 

du + {Xu-Au)dt = {f{x,u)+g{x))dt + ehdW, x G M", t > 0, (4.1) 
with the initial condition: 

u{x,0) =uo{x), xGM". (4.2) 

Here e and A are positive constants, 5 is a given function in L^(IR"), h G H'^(W^) n VF^'P(M") for 
some p > 2, W is a two-sided real- valued Wiener process on a complete probability space (fi, P), 
where P is the Wiener distribution, $7 is a subset of {uj G C(M,M) : uj{0) = 0} with P{0,) = 1, and 
is a (T-algebra. In addition, the space {Vt^J-,P) is invariant under the Wiener shift: 

etuj{-)=oj{- + t)-uj{t), uj£n, t£R. 

This means that P, {9t)t(^M.) is a metric dynamical system (see, e.g., [9l [23] for existence of 

this space). 

Consider the one-dimensional Ornstein-Uhlenbeck equation: 

dy + \ydt = dW{t). (4.3) 

One may easily check that a solution to (j4.3p is given by 

y{etUj) = -X e^^{0tOj){T)dT, t£R. 
J —00 

Note that the random variable |y(w)| is tempered and y{9tuj) is P-a.e. continuous. Therefore, it 
follows from Proposition 4.3.3 in [IJ that there exists a tempered function r(w) > such that 

\y{u;)\' + \yioj)\P<r{u;), (4.4) 

where r(a;) satisfies, for P-a.e. uj £ Q, 

r{9tuj) < e^l*lr(cj), t E M. (4.5) 

Then it follows from (f01) - (|i3|) that, for P-a.e. lo eQ, 

\y{etLj)\^ + \y{etuj)\P <e^\'\r{uj), t G R. (4.6) 



8 



Let z{9tu)) = hy{6tuj) and v{t) = u(t) — €z{9tuj) where u is a solution of problem (j4.ip - ()4.2p . Then 
V satisfies 

dv 

— + Xv-Av = fix, V + eziOtUj)) +g + eAz(0ta;). (4.7) 

In this paper, we assume that the nonlinearity / satisfies the following conditions: For all x £ i?" 
and s G R, 

f{x,s)s<-ai\s\P + Mx), (4.8) 

\f{x,s)\<a2\s\P-' + Mx), (4.9) 

^{x,s)<P, (4.10) 

\^ix,s)\<M^), (4.11) 

where ai, 02 and (3 are positive constants, ipi G L^(i?") n L°°(i?"), and ip2 G L^(i?") n L''(E"') with 
I + i = 1, and ^3 G L\M.^). 

It follows from [3| that, under conditions (|4.8p - ()4.1ip . for P-a.e. w E $7 and for all vq G L'^{W^), 
(gZD has a unique solution v{-,uj, vq) G C([0, 00), L2(M")) f| ^^((O, T), i7^(IR")) with v{0, uj, vq) = vq 
for every T > 0. Furthermore , the solution is continuous with respect to vq in L^(M") for all t > 0. 
Let 

n(t, u, uq) = f (t, w, Wo) + £-2(^*1^), where vq = uq — ez{u;). (4.12) 

We can associate a random dynamical system with problem (j4.ip - (|4.2p via u for each e > 0, 
where ^,:M.+ xQx L2(IR") ^ L2(M") is given by 

^e{t,uj,UQ) = u(t,uj,uo), for every {t,LJ,uo) £ R+ x n x L'^{W). (4.13) 

Then $e is a continuous random dynamical system over {i^,J-, P, {Ot)teM.) L^(M"). In the sequel, 
we always assume that P is a collection of random subsets of L^(M") given by 

V = {D = {D{uj)}^en, D{lu) C and e-^^*||S(^_tw)|| ^ as t ^ 00}, (4.14) 

where 

||i?(6'_tw)|| = sup ||n||. 
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In the authors proved that $e has a P-puhback random attractor if V is the collection of all 
tempered random subsets of L^(IR"). Following the arguments of [4J, we can also prove that 
has a unique 2?-pullback random attractor {^^(u;)}^;^^ when T) is given by (j4.14p (the existence of 
{Ae{ijj)} u)<^n in this case is also implied by the estimates given in Section 5 of this paper). When 
e = 0, problem (j4.ip - (j4.2p defines a continuous deterministic dynamical system <1> in L^(M"). In 
this case, the results of [1] imply that <I> has a unique global attractor A in L^(M"). The purpose 
of this paper is to establish the relationships of {Aeiuj)}uje^ and A when e — > 0. 

5 Uniform estimates of solutions 

In this section, we derive uniform estimates of solutions with respect to the small parameter e. 
These estimates are useful for proving the semicontinuity of the perturbed random attractors. 
Here and after, we always assume that 2? is the collection of random subsets of L^(M'^) given in 

(imi) . 

Lemma 5.1. XeiO < e < 1, 5 G L2(M") and (Ojl - diTTTl hold. Then for every B = {B{io)}^^n e V 
and P-a.e. w G fi, there is T{B,uj) > 0, independent of e, such that for all VQ{0-tUj) € B{9-tuj), 

\\v{t,e^tUJ,VQ{e^tUj))f < e-^'\\vo{e-t^)f + c + ecr[Lo), V i > 0, 

I e^(^-*)||Vu(r,^_ta;,vo(^-t'^))f rf-r < e-^*||i;o(^-tw)f + c + ecr(a;), V t > 0, 
Jo 

and 

[ e^(^"*)||n(T,0_tcj,uo(^-tw))ErfT < c + ecr(cu), '^t>T{B,uj), 
Jo 

where c is a positive deterministic constant independent of e, and r{uj) is the tempered function in 

(Ha. 

Proof. The idea of proof is similar to that given in [3], but now we have to pay attention to how 
the estimates depend on the parameter e. Multiplying ()4.7p by v and then integrating over M", we 
find that 

o:^lbf + + llVwf = / f{x,v + ez{etuj)) vdx + {g,v) + e{Az{9tuj),v). (5.1) 

Z dt J^n 
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For the nonlinear term, by ()4.8p - (j4.9p we obtain 

f{x,v + ez{6toj))vdx= / f{x,v + ez{9tuj)) {v + ez{9tuj))dx — e I f{x,v + ez{6tu!)) z{9tuj)dx 



< —ai / \u\^dx+ / ^l^l{x)dx — e / f{x,u) z{6tuj)dx 

< + ec2i\\zietu;)\\P + ) + C3, (5.2) 



where C2 and C3 do not depend on e. Similarly, the remaining terms on the right-hand side of ()5.ip 
are bounded by 

HI + e\\Vz{etLo)\\\\Vv\\ < h\\vf + ^\\9f + ^e||Vz(Mf + ^W^vf- (5-3) 



Then it follows from (jSlJl - flOj) that 

j^Wvf + X\\vf + \\Vvf + aillnll^ < 6C4(||z(MII^ + + l|Vz(Mf ) + C5. (5.4) 

Note that z{etuj) = hyiOtUj) and h G iJ^^j^n) p H^2,p(]^n~)^ ^Pj^g^^ j^g^^g 

\\zietu;)\\p + + l|v^(Mf < c6(|y(Mr + ly(^t'^)l') =pi(M- (5-5) 

By (j4.6p . we find that for P-a.e. a; G fi, 

Pi(erw) < C6e5^l^lr(a;), V r G M. (5.6) 



It follows from (j5:4j) - (|53|) that, for all t > 0, 

d 



j^\\vf + X\\vf + \\Vvf + ai||u||P < ecmiOtio) + cg. (5.7) 



Multiplying (j5.7p by e and then integrating the inequality, we get that, for all t > 0, 

^\^'^^-'^\\Vv{T,u:,vo{u:))fdT + ai f 
10 Jo 



v{t,u;,voiu;))f + / e^^--'^\Vvir,u;,vo{u;))fdr + ai / e^(--*)||n(r,^,no(^))||^dr 



< e-^*||fo(a;)f + ec4 / e^^"" V(^rC^)c^r + C7. (5.8) 





By replacing uj by 9^t^, we get from (|5.8p and (|5.6p that, for all t > 0, 

\\v{t, 9_tu;, vo{e.tio))f+ f e^(--*) \\Vv{t, O.tto, vo{9.ti^))fdT+ai f e^(^-*) \\u{t, 9_tu;, uo{9.tio)WpdT 

Jo Jo 
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< e-^%o{e-too)f + ec4 / e^^^-^'^pi{er-tuj)ds + C7 < e-^^\\vo{e_tUj)f + ecgr{uj) + C7. (5.9) 
Since t'o(^-tw) € T>, there is T = T{B,io), independent of e, such that for all t>T, 

e-^'\\vo{0-tu:)f <1, 

which along with ()5.9p implies the lemma. □ 



As a consequence of Lemma l5. 11 we have the following estimates for u. 

Lemma 5.2. LetO < e<l, g e L^(W) and K8\i - iKTTh hold. Then for every B = {B{uj)}^(zn G V 
and P-a.e. w G il, there is T{B,io) > 0, independent of e, such that for all t > T{B,uj) and 

\\u{t,6^t^^,uo{9^t^))\\'^ < c + ecr{uj), 

and 

ft+i 

|2 



||Vii(T, 0_j_ia;,uo(^-t-iw))|| dr < c + ecr{uj), 

t 

where c is a positive deterministic constant independent of e, and r{uj) is the tempered function in 
(lOll . 

Proof. It follows from (14.121) and Lemma l5. II that 

\\u{t,e_tUJ,uo{e_tUj))f < 2\\v{t,e_tUJ,uo(,e_tUj) - ez{e.tuj))f + 2e^\\z{uj)f 

< Ae-^\\\uo{e^ti^)f + \\z{e^tio)f) + c + ecrH, (5.10) 

where we have used (j4.4p and the fact < e < 1. Since UQ{6^t^) G B(9^t^) and ||2;(a;)|p is 
tempered, there is T{B,lu) > 0, independent of e, such that for all t > T{B,ll!), 

e-^\\\no{e.tu;)f + \\z{e.tu:)f ) < 1, (5.11) 

which along with (j5.10p implies that, for all t > T{B,uj), 

\\u{t, e.tuJ, uo{e-tUj))f < 4 + c + ecr(w). (5.12) 

Similarly, we have 

\\Vu{T,e-t-iuJ,uo{e-t-iio))f = \\Vv{T,9^t_iuj,uo{e^t^iu) - ez{0^t^iuj)) + eVz{er^t^iuj)f 
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< 2\\Vv{T,9-t-iuJ,uo{e-t^iu) - ez{e-t-iu^))f + 2e^\\V z{er-t-iuj)f (5.13) 
For T G (t, t + 1), by ^M) we find that 

\\Vz{er-t-iu:)f < c\y{9^.t-ioj)\^ < ce^iio). (5.14) 

By (I5l^ and (I5T1D . we get 

\\Vu{T,9-t-iio,uo{e^t-ii^))f < 2\\Vv{T,e^t-iio,uo{e-t-iio) -ez{e^t-ii^))f + ecr{io). 

Integrating the above with respect to r in (t, t + I) we obtain 

||Vu(t, 9-t-iuJ,uo{e-t-iuj))fdT 



rt+l 

<2j \\Vv{T,9-t-iuj,uo{e-t-iuj)-ez{9-t-iuj))fdT + ecr{uj). (5.15) 
Given t >0, replacing t by t + 1 in Lemma |5. II we find that 

e^(--*-i)||V7;(T,0_t_ic^,no(0_t-ic^) - e^(e-t-icu))f dr 

< 2e-^(*+i)(||no(e-t-ia;)f + \\z{9_t-iuj)f)+c + ecr{u;). (5.16) 

Replacing t by t + 1 in (15. lip , we find that the first term on the right-hand side of ()5.16p is less 
than 2 when t > T(B,ij). Therefore, we have, for all t > T{B,u;), 

rt+l 

J e^'^^-'-^^\\Vv{T,9-t-iuJ,uo{9-t-iuj) - ez{9-t-iij))fdT < 2 + c + ecr{uj). 

Since e-^(^~*~^) > for re (t,t + 1), the above implies that, for ah t > T{B,u;), 
ft+i 

\\Vv{t, 9-t-ioJ, uo{9-t-iuj) - ez{9-t-iuj))fdT < e\2 + c + ecr{uj)). (5.17) 



It follows from dUim and (lOTD that, for all t > T{B,uj) 

ft+i 



\\Vu{T,9^t-i^,uo{9^t-i<^))\\ dr < c + ecr{uj), 
which along with (|5.12p concludes the proof. □ 

We are now in a position to establish the uniform estimates of solutions in i/^(R"). 
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Lemma 5.3. LetO<e<l,ge L'^{W) and hold. Then for every B = E 

T) and P-a.e. w G il, there is T{B,uj) > 0, independent of e, such that for all t > T{B,uj), 
uo{9-tuj) £ B{6-t^) and vo{6-tUj) = uo{9-tuj) — €z{lli), 

\\Vv{t, e_toJ, vo{e^toj))f < c + ecr{u), 

and 

\\Vu{t,e_tOJ,uo{e-ti^))f < c + ecrH, 

where c is a positive deterministic constant independent of e, and r(ijj) is the tempered function in 
(lOl). 

Proof. Taking the inner product of ()4.7|) with Av in L^(M"), we get that 

- — \\Vvf + \\\Vvf + \\/\vf = - I f{x,u)Avdx - {g + eAz{9tuj),Av). (5.18) 

2 dt Jjgn 

By (|4.9p - (|4.1ip . the first term on the right-hand side of (|5.18p satisfies 

— / f{x,u)Avdx = — / f{x,u)Audx + e / f{x,u) Az{6tuj)dx 
Jr" Jr" Jr" 

= I —{x,u)Vudx+ / — (x, u) I Vnl^dx + e / f{x,u)Az{9tUj)dx 

< c {\\Vuf + \\u\\;) + ec (||Az(Mf + l|A^(MII?) + c, (5.19) 

where we have used the fact < e < 1. For the last term on the right-hand side of (15.18p . we have 

\ig,Av)\+e\{Azietu;),Av)\<l\\Avf + \\gf + e\\Azietu;)f. (5.20) 

It follows from (I^T^ - (|CTD that, for alH > 0, 

j^WVvf < c iWVuf + M^) + 6C {\\Az{etu;)f + ||Az(MII^) + c 

< c (llVnf + \\u\\P) + ecp2{9tuj) + c, (5.21) 

where p2{6tuj) = \\Az{6tuj)\\'^ + \\Az{6tU!)\\p. Let T{B,lu) be the constant in Lemma [5.21 fix t > 
T{B,uj) and s G (t,t + 1). Integrating (fOTI) in {s,t+ 1) we find that 

rt+l 

\\Vv{t + l,uj,vo{uj))f < \\Vv{s,uj,vo{uj))f + ec / P2{er0j)dT 

J s 
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t+l 

-C / {\\Vu{T,U},UQ{uj))f + \\u{T,U},UQ{uj))\\l)dT + C. 

rt+l 

< \\Vv{s,iO,Vo{uj))f + eC P2{0rUj)dT 
rt+l 

+ C {\\Vu{T,UJ,UQ{uj))f + \\u{T,U,Uo{u))\\l)dT + C. 

Integrating the above with respect to s in + 1), we have 

rt+l rt+l 

\\Vv{t + l,uj,vo{uj))f < \\Vv{s,uj,vo{uj))fds + ec p2{9ru;)dT 

Jt Jt 

rt+l 

+C {\\Vu{T,UJ,Uo{uj))f + \\u{T,UJ,Uo{uj)Wp)dT + C. 

Now replacing u) by 9^t~i^, we get that 

\\Vv{t + l,9^t-ii^,vo{e^t^iu;))f 

rt+l rt+l 

< / \\Vv{s,9-t~i(^,vo{0-t-it^))\fds + ec p2{0r-t-i^^)dT 
Jt Jt 

rt+l 

+ c j (II Vn(r, 0_t_ia;, 7Xo(e-t-ia;)) f + ||7x(T,0_t_ic^,uo(e-t-iu;))||P)dr + c. (5.22) 

Replacing t by t + 1 in Lemma |5.H we find that there exists Ti = Ti{B,uj) > 0, independent of e, 
such that for all t >Ti, 
ft+i 

e>^(^-t-'^)\\Vv{T,e^t_iu,vo{e-t^iuj))fdT <c + ecr{uj), (5.23) 

Jt 
and 

rt+l 

e^^^-'-'^\\u{T,9.t~iUJ,uo{9.t-i^))\\ldT <c + ecr{uj). (5.24) 

Since e^(^"*"^) > e"^ for re {t,t + 1), we obtain from ([523]) -([5231) that, for ah t > Ti, 

t+i 

(||Vt;(r,0„t_ic^,^;o(^-t-i^))f + ||^^(T,0-t-iw,no(0_t_ic^))||pdT < ce\l + er{Lj)). (5.25) 

It follows from (j5.22p . (|5.25p and Lemma 15.21 that, there is T2 = T2{B,uj) > 0, independent of e, 
such that for all t >T2, 

rO 

\\Vv{t + l,e^t-i^,vo{9^t^iLo))f <ci+ec2r{uj) + ec J p2(^r^)dT 
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< ci + ec2r{uj) + ec3 J e '^'^r{uj)dT < ci + ec4r(u;) 



(5.26) 



where we have used (j4.6p . From (j4.12p and (j5.26p we have, for all t >T2, 



Vu(t + 1, 0-t-iuJ, no(6'_t_icj))|p < C5 + ecQr{uj). 



(5.27) 



The lemma then follows from (j5.26p and (j5.27p . 



□ 



Next, we derive uniform estimates of solutions for large space and time variables. Particularly, 
we show how these estimates depend on the small parameter e. 

Lemma 5.4. Let < e < I, g e ^^(R") and (gSD-dHI]) hold. Suppose B = {B{Lo)}^(,n G V 
and uoiuj) G B{uj). Then for every 7] > and P-a.e. a; G il, there exist T = T{B,uj,7]) > and 
R = R{uj, rj) > such that for all t >T, 



where T{B,io,rj) and R{uj,r]) do not depend on e. 

Proof. Let p be a smooth function defined on R'^ such that < p{s) < 1 for all s G M^, and 




\x\>R 




for < s < 1; 
for s > 2. 



Then there exists a positive constant c such that |/5'(s)| < c for all s G M"*". 

_ I 1 2 

Taking the inner product of (j4.7p with p{-^)v in L^(M"), we obtain that 




(5.28) 



By (j4.8p and (j4.9p . the first term on the right-hand side of (j5.28p satisfies 
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+ 11 ^Ip&dx + ecj [\z{dtu:)\^ + \z{6tu:)\'')p&dx. (5.29) 
Note that the second term on the right-hand side of (I5.28P is bounded by 

1/ vp'{^-^)'^-Vvdx\ = \ [ vp{^-^)'^-Vvdx\ 
Jr" Jk<\x\<V2k k^ 



<^/' |VHrf^< -^(Ibf + l|V^;f). (5.30) 

k Jk<\x\<V2k k k 



For the last term on the right-hand side of (j5.28|) . we have 

|2 1 r U|2 



1/ {g+eAz{9tu;))pC-^)vdx\<lx [ p{\^)\v\^dx+\ [ (g^ + e^\Az{etco)\^)p{^-^)dx. (5.31) 

It follows from dOSjl - dOTTl that 

d f I I ^ f I I ^ 



^ilNvf + ) + c / (IV^il + + 5') 



2 



+ ec/ (|Az(Ml' + l^(Ml' + l^(Mr)p(TF)^^- (5-32) 
Then using Lemmas 15 . m5 . 31 and following the process of [1], after detailed calculations we find that, 
given ?7 > 0, there exist T = T{B, uj, tj) and R = R{B, tj), which are independent of e, such that for 
ah t > T and k > R, 

\v{t,e-tOJ,vo{6-t^^))\'^dx < 7], 



'\x\>k 

which along with (j4.12p implies the lemma. □ 

6 Upper semicontinuity of random attractors for React ion- Diffusion 
equations on 

In this section, we prove the upper semicontinuity of random attractors for the Reaction-Diffusion 
equation defined on M" when the stochastic perturbations approach zero. To this end, we first 
establish the convergence of solutions of problem (j4.ip - (j4.2p when e — > 0, and then show that the 
union of all perturbed random attractors is precompact in L^(M"). 
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To indicate dependence of solutions on e, in this section, we write the solution of problem (j4.ip - 
(I4.2p as u*^, and the corresponding cocycle as <I>e. Given < e < 1, it follows from Lemma 15.21 that, 
for every B = {B{uj)}^^fi G V and P-a.e. a; G 0, there exists T = T[B,uj) > 0, independent of e, 
such that for all t >T, 

\\^,{t, e^tio, Bie^tu;))\\ <M + eMr{oj), (6.1) 

where M is a positive deterministic constant independent of e, and r(a;) is the tempered function 
in ([Oil . Denote by 

K,{uj) = {ue l2(M") : ||u|| < M + eMr{uj)], (6.2) 

and 

K{uj)={u^L^{W): \\u\\<M + Mr{uj)}, (6.3) 

where M is the constant in ()6.ip . Then for every < e < 1, {K^{uj)}^^^^ is a closed absorbing set 
for <I>e in T) and 

U K,{oj)<^K{u). (6.4) 

0<e<l 

It follows from the invariance of the random attractor {Ae{ijj)} u)en and (j6.4p that 

U A(a;)C y i^.(c^) C i^(c^). (6.5) 

0<e<l 0<€<1 

On the other hand, by Lemmas 15.21 and 15.31 we find that, for every < e < 1 and P-a.e. w G fi, 
there exists Ti = Ti{uj) > 0, independent of e, such that for all t >Ti, 

\\^,{t,G-t^,K{9^tu))\\HH^„) < Mi + eMir{uj) < Mi + Mir{uj), (6.6) 

where K(uj) is given in (j6.3p and Mi is a positive deterministic constant independent of e. By (j6.5p 
and (j6.6p we obtain that, for every < e < 1, P-a.e. uj £ il. and t >Ti, 

||$,(t,e_tW,A(^-t^))||Hi{R") < Ml + Mir(u;). (6.7) 

By invariance, .Ae(a;) = ^e{t,9^t^,AeiO-tuj)) for all i > and P-a.e. w G 0. Therefore, by ()6.7p 
we have that, for P-a.e. u; G O, 

lkll//i(Rn) < Ml Mir(u;), V u G |J Ae{io). (6.8) 

0<e<l 
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We remark that ()6.8p is important for proving the precompactness of the union [j Ae{io) in 

0<e<l 

L2(M"). 

Lemma 6.1. Let g G L^(M") and (j4.8p - (j4.1ip hold. Then the union |J Ae{uj) is precompact in 

0<€<1 

L2(]R"). 

Proof. Given 77 > 0, we want to show that the set |J Ae{uj) has a finite covering of balls of radii 

0<e<l 

less than rj. Let i? be a positive number and denote by 

Qr = {x£R'' : \x\ < R} and = M'^ \ Qr. 

Let {K(uj)}i^,=Q be the random set given in (j6.3p . By Lemma 15.41 we find that, given rj > and 
P-a.e. e rj, there exist T = T{uj, r/) > and R = R{uj, r/) > (independent of e) such that for 
alH > T and uo{9^tUj) G K{d-t^), 

[ \u'{t,6.tio,uo{e-ti^)){x)\^dx<^. (6.9) 
J\x\>R lo 

By ()6.5p . uo{9-tLo) £ Ae{0^t^) implies that uo{9-t'-^) £ K{9^t^). Therefore it follows from (16. 9p 
that, for every < e < 1, P-a.e. lo G Cl, t > T and UQiO^t^) € AeiO^t'^)., 

2 

|'u^(t,e_tCc;,no(6'_tw))(a;)|2da; < ^, 

|x|>H -to 

which along with the invariance of {Ae{i^)} ujevt shows that, for P-a.e. G 17, 

/ \u{x)\^dx< ^, Vug M A(c^), 

that is for P-a.e. w, 

||n||i2(Qc^) < |, V^/G U -^^('^)- (6.10) 

0<e<l 

On the other hand, (j6.8p implies that the set |J ^^(a;) is bounded in H^{Qji) for P-a.e. uj G 

0<e<l 

r2. By the compactness of embedding H^{Qr) C L^(Qr) we find that, for the given rj, the set 
U ^e(a;) has a finite covering of balls of radii less than ^ in L'^[Qr). This along with (j6.10p 

0<€<1 

shows that |J Ae{u)) has a finite covering of balls of radii less than rj in L^(M"). □ 

0<e<l 
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Next, we investigate the limiting behavior of solutions of problem (j4.ip - ()4.2p when e ^ 0. We 
further assume that the nonlinear function / satisfies, for all x G M" and s G M, 

<a3|sr2 + ^4(x), (6.11) 

where 03 >Q,ipi£ L°°(IR") if p = 2, and ip^ G L^(M") if p > 2. 

Under condition (|6.11|) . we will show that, as e — > 0, the solutions of the perturbed equation 
(j4.ip converge to the limiting deterministic equation: 

— + An - An = /(x, u) + g{x), x G M", t > 0. (6.12) 

Lemma 6.2. Suppose g G L'^{W), ([i:8]) - (|ilT]) and ([6lT]) hold. Given < e < 1, let u" and u he 
the solutions of equation (j4.ip and (j6.12p with initial conditions ng and uq, respectively. Then for 
P-a.e. uj £ 0, and t > 0, we have 

\\u^{t,oj,UQ) -u{t,uo)f < ce^'^WuQ - uof + ece"^ {r{uj) + ||nof + \\uof) , 

where c is a positive deterministic constant independent of e, and r(uj) is the tempered function in 

(sai). 

Proof. Let v'' = u^{t,uj,UQ) — ez{9too) and W = v^ — u. Since v and u satisfy (j4.7p and (|6.12p . 
respectively, we find that is a solution of the equation: 

dW 

— + XW- AW = fix, u') - fix, u) + eAziOtuo). 
at 

Taking the inner product of the above with W in L^(M") we get 

-^\\Wf + \\\Wf + \\SIWf = f {f{x,u') - f{x,u))Wdx + e f /\z{etuj)Wdx. (6.13) 

2 (it J]Rn J-^n 



{f{x,u') - f{x,u))Wdx = I ^{x,s){u' -u)Wdx 



For the first term on the right-hand side of (j6.13p . by (j4.10p and (jG.lip we have 

OS 

= [ ^(x,s)W^dx + e [ ^{x,s)zietuj)Wdx 
Jr" OS JiRn ds 

<P\\Wf + ea3 [ i\u'\ + \u\f^^\zietu;)\\W\dx + e [ V'4k(MII^Ma^ 
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< mf + ec [\\u% + Ml + + WWl + mV^^j ■ (6.14) 

By the Young inequality, the last term on the right-hand side of (I6.13P is bounded by 

6 / \^z{9tu:)W\dx < \e\\/\z{etu)f + \e\\Wf < ie||A.(Mf + \\\Wf. (6.15) 

It follows from that 

j^WWf < c\\Wf +ec + ec {]\u% + Ml + lk(MII^ + II Az(Mf + WWl) 

< c\\Wf + ec + ec {MWl + Ml + ll^(MII? + l|Az(Mf ) 

< c||H^|p + ec + ec (||n^||P + M\l) + ece3^l*lr(cj), (6.16) 

where we have used W = u'^{t, cu, Uq) — ez{9tuj) — u , the fact < e < 1 and (|4.6|) . Integrating (j6.16p 
on (0,t) we obtain 

ft 

\\W{t)f <e'''\\W{0)f + ec + ecr{uj)e''' / e^'^^-^^ds 
+ec 



[\^('-^^Mis,u^,ulWp + Ms,uo)\\l) ds 
Jo 



<e''\\WiO)f + eci+eciriu;)e'^' + ece'' / {M{s,u;,u'o)\\l + Ms,uo)\\l) ds. (6.17) 



It follows from (j5.8p that 

;^(^-*)||n^(s,w,n^)||Pds< e-^*||f^((^)||2 + ec T e^(^- ^(Mds + c, 
./o 



which together with (j5.6p implies that, for all t > 0, 

„As||„,e/'„ , , „,eMlpj„ ^ ,M|2 i / „As^ //i , ,\ J_ i „„\t 



n'(s,u;,tto)||^c?s < ||uo(c^)|r + ec / e-^^pi(6'sw)(is + ce^ 

Jo 

ft 3 

< ||u^(L<j)f + cr(w) / 62^" + ce^* < - ez(w)f + C3r(cj)e'^4* + ce^*. (6.18) 
Jo 

Since e'^'^ > 1 for all s G [0,t], we obtain from (j6.18p that 
t 

Mis,uJ,ul)\\lds < 2||u^f + 2||z(a;)||2 + c3r(u;)e^4* + ce^*. (6.19) 



Similarly, by ()6.12p for e = 0, we can also get that 

\u{s,uo)\\lds < cMf + ce^^- (6-20) 
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By (I33D, (I6T7D and (leT^ - dOOll we find that, for all t > 0, 

\\W{t)f < e^*||H^(0)f + ece'^' (r(u;) + + ||nof ) . (6.21) 

Finally, by (jMI) and (fOT]) we have, for all t > 0, 

\\u'{t,io,u'o)-u{t,uo)f = \\W{t)+ez{etUj)f < 2\\W{t)f + C6ee'''riio) 

< 2e''\\WiO)f + ece^«* {r{io) + ||n^f + \\uof) 
< 2e"*||n^ - - ez(w)f + ece^»* (r(w) + + \\uof) 

< ie^'Wu^o - -uof + ec9e"«* (r^ + + ||nof ) . 

This completes the proof. □ 

We are now in a position to establish the upper semicontinuity of the perturbed random attractors 
for problem (l4T])- (f4:2]) . 

Theorem 6.3. Let g G ^^(R"), ([48]) -(HH]) and (fOT]) hold. Then for P-a.e. to eQ, 

lim disti2mn\{Ae{uj), A) = 0, (6.22) 

where 

distL2,^n){Ae{uj),A) = sup inf ||a - 6||i2mn). 

Proof. Note that {K^{uj)}i^^n is a closed absorbing set for in T>, where K^{uj) is given by (j6.2p . 
By ([62]) we find that 

limsup||ii:,(e)|| < M, (6.23) 

where M is the positive deterministic constant in (j6.2p . Let e„ — > and no,n uq in L^(M"). Then 
by Lemma 16.21 we find that, for P-a.e. uj £ il. and t > 0, 

^,„{t,UJ,Uo,n) ^Ht,uo). (6.24) 

Notice that ()6.23p - ()6.24p and Lemma [6T] indicate all conditions ()3.ip - ()3.3p are satisfied, and hence 
(|6.22p follows from Theorem 13. II immediately. □ 
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